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Abstract 

The anomaly cancelation method proposed by Wilczek et al. is applied to the black holes of 
topologically massive gravity (TMG) and topologically massive gravito-electrodynamics (TMGE). 
Thus the Hawking temperature and fluxes of the ACL and ACGL black holes are found. The 
Hawking temperatures obtained agree with the surface gravity formula. Both black holes are 
rotating and this gives rise to appropriate terms in the effective U(l) gauge field of the reduced 
(l+l)-dimensional theory. It is found that the terms in this U(l) gauge field correspond exactly to 
the correct angular velocities on the horizon of both black holes as well as the correct electrostatic 
potential of the ACGL black hole. So the results for the Hawking fluxes derived here from the 
anomaly cancelation method, are in complete agreement with the ones obtained from integrating 
the Planck distribution. 
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I. INTRODUCTION 



Hawking radiation is perhaps the most prominent effect of quantum gravity. There are 
various derivations, including Hawking's original one [1] calculating Bogoliubov coefficients, 
which have shown that the radiation is thermal with a blackbody spectrum at a temperature 
given by the surface gravity, Tjj = k/2tt. Derivations have been found also using Euclidean 
quantum gravity [2] and in string theory [3]. A derivation using semiclassical methods 
(WKB) in a tunneling picture has been proposed by Parikh and Wilczek in [4] (see also [5]). 

Recently, a new method for calculating Hawking radiation from the horizon of black 
holes has been developed by Robinson and Wilczek [6] and by Iso, Umetsu, and Wilczek 
[7, 8]. The new method ties the existence of Hawking radiation to quantum anomalies at the 
horizon of black holes. More precisely, it is argued that gauge and gravitational anomalies 
at the horizon can account for the Hawking fluxes of the black hole. The key step, the 
one that needs to be carried out separately for each black hole case, is the dimensional 
reduction of the scalar field action in the black hole background considered in the method. 
That is, one considers a complex scalar field in the black hole background and reduces its 
action near the horizon to a collection of 1 + 1 dimensional fields. Then using the ideas and 
calculations in [6] one obtains the Hawking temperature T# from the anomalies cancelation 
viewpoint. Furthermore, using the analysis carried out in [7, 8] one may also find the specific 
Hawking fluxes of the energy-momentum, angular momentum (if the black hole is rotating) 
and electric charge (if the black hole is charged). 

During recent intense work the method proposed by Wilczek et al. [6, 7, 8] has been 
successfully applied to various black objects [9], including the newly obtained black holes of 
five-dimensional minimal gauged supergravity [10]. In the direction of further extending the 
method, higher spin currents were studied under conformal transformations to obtain the 
full thermal spectrum of Hawking radiation [11]. An interesting point raised in [7] was that 
while it is the consistent form of the anomalies that is canceled, the boundary condition 
employed at the horizon is the vanishing of the covariant form of the current. Following 
up, in [12] a variant of the original method was proposed in which only covariant forms 
of the anomalies are used and all its applications [13] have confirmed the results obtained 
in the corresponding papers in [9] . For a discussion of the relative merits of these various 
approaches see [14]. In this Letter however, as we are primarily concerned on applying the 
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method to new black holes, we will follow the original approach of [6, 7, 8] only. For other 
related work on the subject see also [15]. 

In this Letter we apply the anomalies cancelation method to obtain the Hawking tem- 
perature and fluxes of black holes of topologically massive gravity [16] . Three-dimensional 
topologically massive gravity (TMG) with a negative cosmological constant, A = —l/£ 2 , is 
known to admit two types of black hole solutions: the Einstein BTZ black hole [17] which 
solves trivially the TMG equations of motion and the recently obtained non-Einstein black 
hole given in [20]. For the case of the BTZ black hole accounts on applying the anomalies 
cancelation method may be found in [18] . We will thus concentrate only on the non-Einstein 
black holes of TMG. The first solution with a vanishing cosmological constant was recently 
found in [19] and the ACL black hole with negative cosmological constant which we are 
going to consider in this Letter is given in [20] . We will also analyze the case of the ACGL 
black hole [23] which is the corresponding newly obtained solution in topologically massive 
gravito-electrodynamics (TMGE). 

The rest of the Letter is as follows. In Section II we derive the fluxes of Hawking radiation 
from general charged rotating black holes by integrating the Planck distribution. This 
will serve as a reference for comparing with our result obtained later using the anomalies 
cancelation method. In Section III we apply the anomalies cancelation method, following 
[6, 7, 8], to the ACL black hole and derive its Hawking temperature and fluxes of energy- 
momentum tensor and angular momentum. We find agreement of the results with the surface 
gravity formula for the temperature and the results of section II for the fluxes. In Section 
IV we do the same for the ACGL black hole, also finding its charge flux. The results are 
again consistent with our expectations. Section V is devoted to conclusions and discussions. 

II. BLACKBODY RADIATION 

In order to compare with our results from anomalies cancelation later, let us here calcu- 
late the Hawking fluxes one obtains from integrating the Planck distribution for a general 
rotating black hole with a nontrivial electromagnetic background gauge field A. The appro- 
priate chemical potentials for fields radiated with an azimuthal angular momentum m and 
an electric charge e are the horizon angular velocity Qh and the corotating electrostatic po- 
tential $ respectively. For fermions, the Planck distribution for blackbody radiation moving 
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in the positive r direction at a temperature T# is given by, 

We consider only fermions in order to avoid superradiance [8] . From the above distribution 
and including the contribution from the antiparticles, we find the following Hawking fluxes 
of electric charge, angular momentum, and energy-momentum tensor respectively: 

F Q = e / ^ (N e , m (uj) - AL e ,_ m (u;)) = (e$ + mfi H ) , (2) 
F a = m (^e,m(w) - AL e _ m (o;)) = ^ (e$ + mVt H ) , (3) 

F M = [ ^u{N e . m {u) + N^ m {u)) = ^-{e<$> + mn H ) 2 + ^-T 2 H . (4) 

Jq Z7T 47T 12 

It should be emphasized that the above fluxes are so observed by a static observer at fixed 
radius r close to the horizon: the radiation is purely thermal only at the horizon. This emis- 
sion when propagated to infinity experiences the effective potential due to spatial curvature 
outside the horizon and thus the spectrum of the radiation observed at infinity is modified 
to that of a three-dimensional grey body at the Hawking temperature [6, 7, 8]. For asymp- 
totically flat space-times it is often said loosely that the Hawking fluxes observed at infinity 
are thermal if one ignores the grey body factor. The black holes we are going to consider 
in this Letter are not asymptotically flat and hence due to spatial curvature at infinity, the 
fluxes above do not coincide with the ones observed at infinity even if one ignores the grey 
body factor. 1 

In the following sections we shall derive the above fluxes at the horizon of ACL and ACGL 
black holes using the gravitational anomalies cancelation method. We will follow [6, 7, 8] 
which derived the fluxes in the Unruh vacuum and only for an observer at the horizon (i.e. 
we neglect the grey body factor at infinity). 



1 I am grateful to the anonymous referee for raising the point and to Frank Wilczek and Scan Robinson for 
helping clarify my understanding on this. 
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III. ACL BLACK HOLE 



ACL black hole is a rotating black hole solution to three-dimensional topologically massive 
gravity (TMG) described by the action 

Itmg — Ie + Ics (5) 

where Ie is the Einstein action, 

Ie = / d 3 x^(R - 2A), (6) 



16nG _ 

and Ics is the gravitational Chern- Simons action, 



(7) 



Here is the Chern-Simons coupling constant, is the Levi-Civita tensor (tensor 
density given by ej \J—g with e 012 = +1), and G is the gravitational constant which may be 
taken both positive or negative. The metric of the ACL black hole, in ADM form, is given 
by [20] 

do 2 

ds 2 = + r 2( d(f + NH>dt y + (8) 



where 



r 2 = p 2 + 2cp + ^ 2 (l-/3 2 ) + ^, (9) 
AT2 = {? p —lA^ (10) 
N* = - P + {l ;/ )U , (ID 



and 



Regular black holes with finite temperature are obtained in the range < (3 2 < 1, po > 0, 
and u; > — po/ \/l ~~ P 2 7^ Po/(l — ft 2 ))- The two horizons are at p = ±p with the outer 
p = po being the event horizon (henceforth called the horizon). The two parameters u and 
Po are related to the black hole mass and angular momentum. 

ACL black holes are so far the only known non-Einstein regular black hole solutions 
of TMG. They were also obtained (in different coordinates) in [21] where they are called 
"spacelike stretched black holes." These black holes are asymptotic to warped AdS 3 and it 



has been shown that they are quotients of warped AdS3 under a discrete subgroup of the 
isometry group [21], just as BTZ black holes are quotients of AdS3 [22]. 

Consider a scalar complex field in the ACL background. The free part of the action is 

1 



s = ~ J tfxV^ggTd^* d v <j> = - J 



dt dp dip i 



1 



di + 2— OA 



(13) 



To study the near horizon theory, p — > p , it is most convenient to transform first to a 
"tortoise" like coordinate. In our case if we first transform to the p, coordinate defined by 



dp = (rN 2 dp,, 

and then take the near horizon limit p — > p (i.e. N 2 — > 0) we obtain, 

S* J dt dp, dip r 0* [-3 2 t + dl - N* 2 d% + 1Wd t d^\ <p. 
Then by expanding the complex field <p as 

m 

we may integrate out the ip dependence to find that 

S « 2tt I dt dp, r <f? m [-d 2 + d 2 pt + m 2 N v2 + 2imN <p d t ] 

m J 

= 27r / dt d P* r C [- & ~ imN "f + d l] <P™. 



(14) 



(15) 



(16) 



(17) 



The last implies that the near horizon theory has been reduced to an infinite collection of 
massless 1 + 1 dimensional fields labeled by the quantum number m. Indeed, transforming 
back to the original (p, t) coordinates, to each of the fields <ft m corresponds the action: 

1 



On 



dt dp v * 



(rN 2 



(dt-imNvy + d p (rN% 



That is, each <p m can be considered as a 1 + 1 complex scalar field in the backgrounds of the 
dilaton — r, metric 



ds 2 = -f(p)dt 2 
and U(l) gauge potential 



-^dp 2 , where f(p) = = (rN 2 
f(p) dp, 



A p = 0. 



(18) 



(19) 



The effective U(l) gauge symmetry here has its roots in the axial isometry of the ACL black 
hole in the first place. Also note that any possible mass or interaction terms in the full 
action would have been trivially suppressed in the near horizon limit too, since they would 
all be multiplied by a factor / in the tortoise coordinates. 

At this point we impose the constraint that the classically irrelevant ingoing modes vanish 
near the horizon and thus the theory becomes chiral. Hence anomalies arise which, as will 
be shown, may account for the Hawking fluxes of the black hole. 

In particular, it was shown in [6] that for a metric of the form (18), the (purely timelike) 
anomaly for the energy-momentum tensor at the horizon accounts for a flux of massless 
blackbody radiation at the temperature T H = j^d p f\ Po . Thus it follows that the Hawking 
temperature of the ACL black hole is given by 

T H = —dJL = —Crd p N\ =!^.El (20) 

where = r(p ) = [p + (1 — 13 2 )uj]/ yl — f3 2 . This result agrees with the one given in 
[20] where the Hawking temperature was calculated as the surface gravity at the horizon 
k = n p d p N\ po (where n p = y/g pp = (rN) divided by 2tt. 

In [7, 8] fluxes of angular momentum, electric charge (if there is one) and energy- 
momentum tensor were computed from gauge and gravitational anomalies at the horizon, 
by deriving and solving the Ward identities with appropriate boundary conditions corre- 
sponding to the Unruh vacuum. The boundary conditions employed were vanishing of the 
radial component of the covariant current at the horizon and also (implicitly) vanishing of 
ingoing current at radial infinity [8]. The second amounts to setting the integration constant 
k r , which arises in solving the Ward identity for the contribution of the ingoing modes K r , 
equal to zero. 

Very recently, a modification of the derivation of the fluxes was proposed in [26] which 
does not set the integration constant k r equal to zero. Instead, working with k r arbitrary, the 
fluxes are derived using conformal field theory techniques and a different set of boundary 
conditions which again correspond to the Unruh vacuum. In particular, it is shown in 
[26] that in order to derive the fluxes corresponding to U(l) current one has to consider 
not only the gauge anomaly but also the chiral anomaly and similarly in order to derive 
the energy-momentum flux one needs to consider the trace anomaly too (in addition to 
the gravitational anomaly for the energy-momentum tensor). Then, given the appropriate 



boundary conditions employed in [26] the same fluxes as in [8] are derived for the Unruh 
vacuum. 

Since in this Letter we are primarily interested in the application of the method to new 
black holes we will not review the details of either derivation but rather use the end results 
for the flux formulas. It is found that for a metric of the form (18) and with an effective 
£7(1) gauge potential as in (19) the fluxes of angular momentum and energy-momentum are 
[8, 26] 



777 

■— At(p ) and — Al(p ) + NZ(p ) 



respectively, with N[ = (f' 2 + f f")/192n. We thus find that the flux of angular momentum 
for the ACL black hole, corresponding to the gauge anomaly, is 

" ^MPo) = -^V(Po) = ^W, (21) 

ZlX Z7T Z7T 

where Qh — — N v (po) is the angular velocity at the horizon, and the flux of energy- 
momentum corresponding to the gravitational anomaly is 

-L^(aO + "IM = £ ^"(Po) 2 + J^WfL = ^ + ^fl (22) 

We thus find that the Hawking fluxes derived from anomalies cancelation method for the 
ACL black hole (21,22) agree with those calculated from integrating the thermal spectrum 
in (3,4), as clearly $ = for the ACL black hole. 



IV. ACGL BLACK HOLE 

ACGL black hole is a solution to three-dimensional topologically massive gravito- 
electro dynamics (TMGE), that is, three-dimensional Einstein-Maxwell theory with both 
gravitational and electromagnetic Chern-Simons terms. It is described by the action 

Itmge — Ie + hi + Icsg + Icse (23) 

where Ie and Im are the Einstein and Maxwell actions respectively, 

Ie = ^ J d 3 xV=g(R -2A), (24) 

1 r ^ 



hi = — A I d'xV^gg^g^F^F^ (25) 
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and Icsg and Icse are the gravitational and electromagnetic Chern- Simons actions respec 
tively, 

i r ^- 



'CSG 



ICSE 



32ttGhg 



d 6 Xy 



"per "pr 
g fXT Up 



He 



d 3 xy/=ge l "' p A„d v A 



(26) 
(27) 



Here the Chern-Simons coupling constants are 1/hg and pe- The metric of the ACGL black 
hole, in ADM form, is given by equations (8—11) with [23] 



0" 



1 - 2A - 4A//4 



C = He, 



and 



A 



He 



(28) 



2(1 - A) ' r — 2p G 

Generic regular black holes with finite temperature are obtained for < (3 2 < 1 and po > 0. 2 
The two horizons are at p = ±po with the outer p = po being the event horizon (henceforth 
called the horizon) and the two parameters u and po are related to the black hole mass and 
angular momentum. Present is also a gauge electromagnetic potential given by 



A = A t dt + A^dcp, 



(29) 



where 



At 



= T\I^t^{p+(1-P 2 )lo). (30) 



8nG ' ' v V 87rG 

For this electromagnetic potential to be real the Chern-Simons coupling constants should 
obey appropriate bounds: if the gravitational constant G is taken to be positive then we 
should have He/hg > 2/3, otherwise if G is negative then He/ Hg < 2/3. 

Considering a scalar complex field in the ACGL background we have the free part of the 
action 



s = - J <Px^/=g ^(D^)* D v (j) = ^Jdtdpdtp, 



~D 2 t+ C%r 2 N 2 d p + 



where D t = d t + ieA t and D 9 = + ieA^ and e is the electric charge of 
to the tortoise coordinate (14) and taking the near horizon limit we find, 

J dt dp, dip r 0* [-D 2 t + d 2 pt + N* 2 D% - 2N^D t D v ] 0. 



(31) 

Transforming 
(32) 



We have set the time scale parameter in [23] to y/c = 1 . 
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Then by expanding the field as in (16) we may integrate out the ip dependence to find 
that 

S « 2n I dt d P* r &n [-(Dt ~ ieAyN* - imN*) 2 + d%] <f> m . (33) 

m 

The last implies that the near horizon theory has been reduced to an infinite collection of 
massless 1 + 1 dimensional fields labeled by the quantum number m. Indeed, transforming 
back to the original (p, t) coordinates, to each of the fields (f> m corresponds the action: 

1 



S m = dtdpr 4>* m 



(d t + ie(A t - N^A^) - imN^y + d p (rN 2 d p 



(rN 2 

That is, each <j) m can be considered as a 1 + 1 complex scalar field in the backgrounds of the 
dilaton = r, metric 

ds^-f^dt' + j^dp 2 , where f(p) = ^ = (rN 2 (34) 

and U(l) gauge potential A p , 

A t = -e(A t - N^A^) + mN v , A p = 0. (35) 

The effective U(l) gauge symmetry here consists of two pieces: the first one came from the 
original electromagnetic gauge field of the ACGL black hole (29) while the second one is 
again a result of the axial isometry of the ACGL black hole. 

Now ignoring the classically irrelevant ingoing modes near the horizon we will find that 
the anomalies arising in the chiral theory account for the Hawking fluxes of the black hole. 
First, following [6] for the metric (34) the anomaly for the energy-momentum tensor at the 
horizon gives a flux of massless blackbody radiation at the temperature Tjj = j^d p f\ Po . 
Thus it follows that the Hawking temperature of the ACGL black hole is given by 

where r h = r(p ) = [p + (1 — (3 2 )uj}/ yl — j3 2 . This result agrees with the one given in 
[23] where the Hawking temperature was calculated as the surface gravity at the horizon 
k = n p d p N\ Po (where n p = ^Jg" = (rN) divided by 2tt. 

Next, we proceed to calculate the fluxes of electric charge, angular momentum, and 
energy-momentum tensor from gauge and gravitational anomalies at the horizon. For a 
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metric of the form (34) and with an effective U(l) gauge potential as in (35) the flux of 
electric charge is 



^A(po) = ~[-e{A t -N*'A p ) + 7nN''] 

Z7l ZlX 



= ^- [e(A t (p ) + QhA^pq)) + mn H ] , (37) 

where Qh — — ^^(Po) is the angular velocity at the horizon. As the Killing vector of the 
ACGL black hole is £ = d t + Qffdp, the corotating electrostatic potential is, 

$ = eA„\ P0 = A t (po) + n H A v (p ) 

which shows that (37) agrees with the standard result (2). Similarly, we find for the ACGL 
black hole, that the flux of angular momentum is 

- ttMpo) = 7T ( e$ + mQ H] , (38) 
and the flux of energy-momentum is 

i-A 2 (Po) + Ntt Po ) = i [e$ + mQ H } 2 + Zg*. (39) 

We note that (38) and (39) are also seen to agree with the standard results (3) and (4) 
respectively. 



V. CONCLUSION-DISCUSSION 



In this Letter we have applied the method of anomalies cancelation to derive the Hawking 
temperature and fluxes of the ACL and ACGL black holes of topologically massive gravity 
and gravito-electrodynamics. It was shown that near the horizon the quantum field behaves 
as an infinite set of two-dimensional conformal fields labeled by only one quantum number. 
The effective two-dimensional theory near the horizon is described by charged matter fields 
in an electric field. In particular, for both black holes, the azimuthal symmetry lead to a 
U(l) gauge symmetry for each partial field mode and the respective U(l) charge is given 
by the corresponding azimuthal quantum number. Upon suppressing classically irrelevant 
ingoing modes, we have calculated the Hawking temperature and fluxes of the black holes 
from the gauge and gravitational anomalies that arise in the chiral theory. The results found 
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are consistent with the surface gravity formula and the fluxes obtained from integrating the 
Planck distribution, respectively. 

The method of Wilczek et al. adopted here uses only quantum anomalies at the horizon 
and therefore it is quite universal, in the sense that it does not depend on the details of 
the quantum fields away from the horizon. The success of the method though crucially 
relies on the dimensional reduction of the d-dimensional action (for the scalar field used to 
probe a particular d-dimensional black hole background) to the 2-dimensional ones on the 
(p,t) plane. Therefore, the important equations of this Letter are equations (17) and (33) 
which ensure that the rest of the method will yield fluxes in complete agreement with the 
Planckian ones. The anomaly method has been applied to a large number of black objects 
to date [8], but the cases in this Letter are new in that it is the first time black holes from 
topologically massive gravity are considered using this method. 

In general, it is not clear a priori for any black hole in any number of dimensions and 
coming from any theory of gravity that the dimensional reduction for the probing scalar 
field is at all possible, or even if possible, that it will yield such two-dimensional actions (i.e. 
with such an f(p) and such an effective U(l) gauge field At), that the anomaly cancelation 
method will give correct Hawking fluxes. Though not well understood why, it seems it is 
always possible to reduce a scalar field action in the background space-time of a black hole 
to an infinite sum of two-dimensional conformal field actions near the horizon. Therefore, 
an important development would be establishing the reduction of the action in general, for 
every black hole, so that a case by case application is no longer necessary. The ADM form of 
the black holes in this Letter suggests that such a general reduction may actually be possibly 
performed for a general ADM metric describing a black hole. Making sure that the metric 
actually describes a black hole is crucial and amounts to putting certain assumptions on the 
lapse and the shifts along the lines in [24]. Work in that direction is in progress. 
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Note added: After completion of this work the preprint [25] appeared in the arXiv which 
has some overlap with Section III. In [25] the authors obtain the Hawking fluxes using the 
covariant methods of [12] and the results agree with the ones obtained here in section III 
following the original method of [6, 7, 8]. 
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